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a b s t r a c t
Environmental and economic requirements lead to a constantly increasing application of lightweight
designs. Fulfilling the conflicting goals of favorable noise and vibrational behavior and lightweight
design is a challenging tasks, requiring novel low mass and compact volume solutions. Vibro-acoustic
metamaterials come to the fore as possible lightweight solutions with superior noise and vibration
insulation properties in targeted and tunable frequency ranges, referred to as stop bands. They typically
consist of (often periodic) assemblies of unit cells of non-homogeneous material composition and/or
topology, adding local resonant behavior to the host structure. Metamaterials targeting different stop
bands can be combined to suppress vibrations over a larger frequency zone. This paper investigates
various metamaterial layouts for reducing vibrations along a known transmission path, being a duct
with a square section. The efficiency of the consideredmetamaterial designs for vibration attenuation are
evaluated and compared both numerically and experimentally. Due to the typical periodic nature of this
class of materials, the numerical prediction of the stop band behavior is modeled using unit cell models
for the duct; both a one dimensional (1D) waveguide as well as a two dimensional (2D) infinite periodic
structure. The efficiency and accuracy of both approaches are evaluated and compared to measurements.
It is demonstrated that different resonant structures can be combined to merge stop bands, either using a
mixed, checkered pattern, or a sequential pattern. Depending on the transmission path and the targeted
frequency zone, either approach or a combination of both can be used. Furthermore it is shown that the
2D unit cell analyses gives an accurate prediction of the stop band locations.
© 2016 Elsevier Ltd. All rights reserved.
1. Introduction
The last decades, ecological and environmental requirements
combined with the run for efficiency have given rise to the need
for lightweight materials and design [1]. Besides, due to more
stringent legal regulations as well as customer expectations, the
noise and vibration harshness (NVH) of products is evolving into an
increasingly important design criterion [2]. However, lightweight
design typically combines reduced weight and increased stiffness,
leading to a deterioration of the noise and vibration attenuation
performance. Consequently, merging lightweight and vibro-
acoustic requirements results in a challenging and often conflicting
task, for which novel low mass and compact volume solutions are
sought.
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Recently, vibro-acoustic metamaterials have emerged as possi-
ble candidates for lightweight materials with favorable noise and
vibration attenuation behavior, at least in some targeted and tun-
able frequency ranges, referred to as stop bands [3,4]. Stop bands,
i.e. zones with no free wave propagation in a certain frequency
range of interest, are achievedmainly through two approaches [5]:
Bragg scattering interference or resonance based interference. In a
previous work, the authors concluded that resonance based stop
bands are more promising to obtain low-frequency stop bands
with strong vibrational attenuation [6].
Resonance based stop bands require, among other, the addi-
tion of cells with resonant behavior to the host structure on a scale
smaller than the wavelength to be affected. A Fano-type interfer-
ence between incoming waves and re-radiated waves by the res-
onant cells can then result in stop bands [6,7]. Although periodic-
ity is not a requirement for achieving stop band behavior in these
locally resonant metamaterials [3], the prediction of stop band be-
havior, or more general, wave propagation behavior is facilitated
when using periodic structures. This periodicity allows a unit cell
http://dx.doi.org/10.1016/j.eml.2016.08.005
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Fig. 1. Schematic representation of the square cross-section PVC duct used as a
host structure. All lengths are given in [mm].
modeling approach based on theBloch–Floquet theorem, consider-
ing infinite periodic structures [8,9]. This modeling approach gives
rise to an eigenvalue problem in frequency and wave number to
be solved, resulting in dispersion diagrams, giving information on
the wave propagation characteristics of the structure at hand and
as such allowing the identification of stop band frequency zones.
The potential of these locally resonantmetamaterials for noise and
vibration control engineering and the design approach using unit
cell models was demonstrated by the authors in previous pub-
lications [6,10], introducing a novel metamaterial concept based
on the addition of resonant structures to a honeycomb-core host
structure.
This paper studies the potential of locally resonant metamate-
rials for vibration insulation along known transmission paths in
targeted frequency zones. The objective is to reduce out-of-plane
bending since this often themost importantwave type from aNVH
point of view. As target frequency zone, the 500–600 Hz region is
chosen: on the one hand classic damping materials are effective
for higher frequencies and on the other hand metamaterials solu-
tions are most effective in modal dense regions since they require
interaction with the host structure.
Where acoustic transmission problems mostly consider sound
propagation through two dimensional (2D) structures, for vibra-
tion insulation problems, the transmission path is often one-
dimensional (1D) and the structure can be considered as a waveg-
uide, as is the case for e.g. ducts, pipes, . . . . This characteristic
creates the potential of combining different metamaterial layouts
along the known transmission path, effectively combining differ-
ent stop bands into broader frequency regions of vibration attenu-
ation along the propagation direction of these waveguides. Multi-
ple stop bands can be obtained by considering unit cells with mul-
tiple resonators as shown in [11–13] for structural vibration ap-
plications and as demonstrated by the authors in a vibro-acoustic
setting [10].
The first experimental results on this idea were presented by
the authors in [14]. This paper extends this work with additional
measurements and continues the interpretation by comparing the
measurements with unit cell models of varying complexity, with
and without inclusion of damping. For the stop band design and
analysis of the considered metamaterial waveguides, a unit cell
modeling approach is adopted for infinite periodic, 1D structural
waveguides based on the Finite Element (FE) method [15]. This
procedure allows considering only a section of the structure at
hand, greatly reducing the size of the model, while accurately rep-
resenting the wave propagation throughout the waveguide, in-
cluding the effect of damping. In view of computational effort and
simplification of thewavepropagation involved, a non-fluid loaded
duct with square cross section is considered. Besides, considering
a section of the waveguide, also a single resonant cell be consid-
ered as a further simplification, hereby adopting a unit cell mod-
eling strategy for 2D infinite periodic structures [16]. In this study,
both modeling approaches are adopted and compared with mea-
surements.
This paper is organized as follows. The materials and proper-
ties of the host structure, the resonant structures and the different
metamaterial layouts are discussed in Section 2. The unit cell mod-
els for both the 1D and 2D approach are presented in Section 3 and
their results are the topic of Section 4. In Section 5, the experimen-
tal characterization method for measuring the stop band behavior
is explained. Section 6 compares the measurements of the differ-
ent realizations to the numerically predicted stop bands. The main
conclusions of this work are summarized in Section 7.
2. Problem definition
This section describes the host structure and the resonant struc-
tures used to create stop band behavior: for both the geometry as
the materials are discussed. The last part of this section discusses
how the host structure and the resonant structures can be com-
bined in different configuration to create metamaterials.
2.1. Host structure
In this study the application of locally resonant metamaterials
is considered for obtaining structural vibration suppression along
known transmission paths. Common examples are structured that
behave like 1D waveguides such as beam like structures, ducts,
pipes, rails. . . . In this work a commercially available non-fluid
loaded duct with square cross section is chosen as host structure,
illustrated in Fig. 1. The choice for a rectangular section is mainly
driven by the possibility to allow 2D flat plate unit cell models.
2.1.1. Geometry
A rectangular PVC duct of outer dimension 100 × 100 ×
1000 mm and 2 mm thickness is chosen, as shown in Fig. 1. These
circumferential dimensions are selected based on two conditions:
(i) have modal behavior in the circumferential direction before the
targeted frequency region of the stop band (ii) be large enough
such that multiple resonant structure can be added on one side
while still allowing production through laser-cutting. The length
of the tube is chosen as a balance between a long length to
ensure waveguide behavior and short enough to be manageable
for experiments and amount of resonant structure required.
2.1.2. Material
The material properties of the duct are retrieved by model
updating of a bare duct [17] and a weight measurement. The
weight measurement in combination with the known geometry
allows calculating the density while the correlation between the
modeshapes retrieved with a Finite Element (FE) model and
the experimentally measured modeshapes allows to update the
Young’s modulus and the Poisson’s ratio of the PVC. For the
modal updating procedure a FE model of the duct was built with
4000 linear shell elements. For the experimental test the duct
was freely suspended and roving hammer excitation was used
in combination with 4 lightweight accelerometers as references.
The same equipment and measurement procedure was used as
detailed in Section 5. The structural damping is estimated using
the half power bandwidth method [18] on resonance peaks of
structural response of the duct in the frequency range where the
stop band will be effective, 500–600 Hz. In the model structural
damping is taken into account as a complex Young’s modulus: x%
of structural damping leads to a Young’s modulus E(1+ j x100 )with
j the imaginary unit j = √−1.
Table 1 lists the retrieved material parameters. During the up-
dating procedure the average error on the frequencymismatch be-
tween measurements and model was below 1% when consider-
ing the 30 first correlated bending modes, being the modes below
300 Hz.
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Table 1
Materials parameters of the PVC ducts used in the paper.
Young’s modulus Poisson’s ratio Density Structural damping
2700 MPa 0.25 1242 kg/m3 7%
Table 2
Materials parameters of the PMMA used for the resonators.
Young’s modulus Poisson’s ratio Density Structural damping
4850 MPa 0.31 1188.38kg/m3 5%
2.2. Resonant structures
To obtain metamaterials with stop band behavior two condi-
tions need to be met: (i) resonant systems have to be added to a
host structure on a scale smaller than the structural wavelengths
to be influenced [6] and (2) the net sum of the forces on the host-
ing structure contributed by a resonant system should be non-
zero [19]. A grid of mass–spring systems are a commonly analyzed
example of resonant systems that introduce net forces into the host
structure [6,20,21].
In previous work the authors created stop bands by inclusion
of resonant structures within the cavities of a sandwich structures
with a hollow core [10]. In this paper, stop bands will be achieved
by adding resonant structures on the outer side of the duct.
2.2.1. Material
The resonant structures are made by laser cutting a 4 mm thick
PMMA (polymethyl methacrylate) plate. The parameters are again
retrieved through correlation of the modeshapes of a numerical
model and the measured modeshapes of a test sample. In this
case the test sample is a flat PMMA plate with dimensions 300 ×
200×4mm. The test plate was freely suspended while a FE model
made of 2401 linear shell elements was used for to the plate. All
modes below 500 Hz are taken into account and the average error
on the frequency mismatch between measurements and model is
0.3%. The structural damping is estimated using the half power
bandwidth method for the response of single resonant structure
excited by a shaker, as detailed in Section 5.2. Table 2 gives the
retrieved material parameters.
2.2.2. Geometry
As resonant structures, different designs are possible. In this
paper the choice is made to design resonant structure as a
cantilever beam with a support to connect the resonant structure
to the duct. Fig. 2 shows the design of the resonant structures used
in this paper. The beam is designed to have additional mass at the
end such that the resonance frequency of the resonant structure
can be easily tuned by design.
The geometry of the resonant structures is chosen such that the
stop bands are closely spaced in frequency, allowing the formation
of wide combined stop bands. The frequencies are chosen such
that the duct is characterized by modal behavior, but nevertheless
aiming for a rather low frequency design frequency such that
hammer impact testing can be used to characterize the structure.
Through an iteration on duct and resonant structure dimensions,
the parameters of Fig. 2 are chosen.
The designs of Fig. 2 in combination with the material
parameters of Table 2 leads to a predicted resonance frequency
of 513 Hz for resonant structure type A and 577 Hz for resonant
structure Type B. For these predictions, a FE model of 368 linear
solid elements is used and the base of the resonant structures is
modeled as clamped. Fig. 3 shows the resulting mode shapes. A
convergence study showed that the models are converged to an
accuracy of less than 1%.
Fig. 2. Geometry of the designed resonant structures of Type A (top) and Type B
(bottom). The dimensions are given in mm.
Fig. 3. First numerical mode of the resonant structure when the base is simulated
as clamped: 512.58 Hz for resonator Type A (a) and 577.41 Hz for resonator Type B
(b).
2.3. Metamaterial configurations
To achieve stop band behavior, the resonant structure are added
on a grid of 25 × 25 mm, this to ensure a subwavelength spacing
between the resonant structures: the wavelength in PVC equals
96 mm at 600 Hz. In this way 16 resonant structure can be added
along the perimeter of one cross section and 40 resonant structures
are added in the length of the tube, leading to a total of 640
resonant structures per tube. The resonant structure are added to
the duct by using superglue. The glue is neglected in the model,
leading to the assumption of a perfect connection between the duct
and the resonant structure.
Five different configuration will be considered; the mass
addition is the percentage ofmass that the resonant structures add
to the system with respect to the weight of the bare PVC duct:
• Original configuration: ductwithout resonant structures, used
as benchmark case.
• Configuration A: duct with 640 resonant structures of type A,
resulting in a 27.3% mass addition.
• Configuration B: duct with 640 resonant structures of type B,
resulting in a 26% mass addition.
• Configuration half A: duct with 320 resonant structures of
type A as shown on the left of Fig. 4, resulting in a 13.7% mass
addition.
• Sequential configuration: ductwith 320 resonant structures of
type A on the first half of the duct and 320 resonant structures
of type B on the second half, resulting in a 26.7% mass addition.
• Mixed configuration: duct with 320 resonant structures of
type A and 320 resonant structures of type B mixed as shown
on the right of Fig. 4, resulting in 26.7% mass addition.
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Fig. 4. Visualization of the resonant structure lay-out for the half A configuration
(left) and the mixed configuration (right).
3. Unit cell models to predict stop band behavior
Stop bands can be predicted for periodic structures through unit
cell modeling and the application of the Bloch–Floquet boundary
conditions. Based on a FEmodel of the unit cell and the application
of periodicity boundary conditions, an eigenvalue problem is
formulated, for which the solution results in dispersion diagrams.
These diagrams indicate at which frequencies different wave types
propagate, allowing to investigate the existence of stop bands,
being zones with only strongly attenuated waves.
To predict the stop band behavior, two approaches can be
followed. On the one hand stop bands can be predicted based on a
model of 2D infinite PVC plates with a grid of resonant structures.
Thismeans that the shape of the duct itself is not taken into account
for stop band calculation. On the other hand, 1D periodic structure
models can be used and thus the entire cross section of the duct
has to be modeled to predict stop bands. This approach allows to
take the stiffening effect due to the shape of the duct into account.
Next subsections briefly discusses unit cell modeling by using
FE, a detailed discussion on this is published by the authors
in [6], and the two approaches used: 1D waveguide models
and 2D infinite flat plate models. The last subsection discusses
the numerical results obtained for each configuration with the
different methods.
3.1. Bloch’s theorem and the FE approach to unit cell modeling
The Bloch theorem states that the displacements and the forces
on the boundaries of a unit cell (UC) are scaledwith a factor eµx and
eµy when moving from one cell to the next in the dx- respectively
dy-direction. Where µi expresses the phase shift along a direction
vector di of the unit cell:
µi = k · di, (1)
which can be a complex quantity; the real part indicating
attenuation and the imaginary part standing for propagation. The
direction vector is defined as pointing in the direction of periodicity
and with a magnitude equal to the length of the unit cell in that
direction.
Using the FE methods, this relationship can be expressed by
a matrix R, in function of the wave vector µ, relating the total
set of generalized displacements q to a reduced set of generalized
displacements q(red):
Rq(red) = q. (2)
The matrix R∗T , the transpose of the complex conjugate of the
reduction matrix R, can be shown to express a force balance at
the boundaries of the unit cell [22]. Under the assumption of no
external forces applied on the internal nodes, the reduced force
vector (R∗T f ) equals the zero vector and the equation of motion of
the unit cell can be reduced to an eigenvalue problem in terms of
the reduced stiffness, damping andmassmatricesK (red) = R∗TKR,
Fig. 5. Unit cell models for the direct 1D approach for configuration A (a)
and the mixed configuration (b). For the mixed configuration the light resonant
structures indicate Type A while the dark resonant structures indicate Type B. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
C (red) = R∗T CR andM (red) = R∗TMR:
(K (red) + ȷωC (red) − ω2M (red))q(red) = R∗T f = 0, (3)
where ω is the angular frequency and j = √−1.
This reduced eigenvalue problem contains three unknowns; the
two phase shifts µx, µy, which can be complex, and the angular
frequency of wave propagation (ω), which is real. A clear example
of the structure and implementation of thesematrices can be found
in literature [22]. In this paper this methodology is once used in a
1D approach and once in a 2D approach; both will be discussed in
the next two subsections.
3.2. Direct approach for 1D UC analysis
In one-dimensional (1D) problems only propagation in one
direction exists: the propagation vector µ has only one complex
scalar component µ. For each frequency the eigenvalue problem
can be rewritten in a polynomial form in terms of eµ which can be
solved for [15]. Thismeans that damping can be taken into account.
Stop bands are then frequency zones where free wave propagation
is inhibited and thus the propagation constant has a non-zero real
part. Inspection of the real part of the propagation constants results
therefore in the identification of stop bands.
The direct approach has the advantage that entire cross sections
can be taken into account, including stiffening effects due to the
geometry of the duct. Furthermore complex propagation constants
can be directly obtained in function of frequency, indicating the
levels of attenuation in the stop bands.
Fig. 5 shows the corresponding unit cells for this approach.
As mentioned before, for configurations A and B the periodicity
in length direction equals 25 mm, for the mixed case this length
doubles. The unit cell for configuration half A corresponds to the
unit cell of the mixed case, but without the resonators of type
B, indicated in green on Fig. 5(b). Table 3 describes the models
used for each configuration. Linear shell elements are used to
model the host structure and linear solid elements for the resonant
structures. The damping is taken into account as structural
damping for each material separately, as explained before.
3.3. Inverse approach for 2D UC analysis
Assuming free wave propagation in two-dimensional (2D)
structures, the damping matrix (C ) equals the zero-matrix and the
propagation vector becomes strictly imaginary µ = ȷϵ. Solving Eq.
(3) for the frequency ω as a function of the imaginary propagation
vector ȷϵ yields the real frequencies of free wave propagation [22].
Stop bands can then be identified as zones for which no free wave
propagation is found. This inverse approach has as advantage that
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Table 3
Description of the models used for the direct approach. Indicated are: the length in periodicity direction, number of
resonant structure of each type and the amount and type of numerical elements.
Length (mm) Type A Type B Shell Solid
Original 25 / / 120 /
Configuration A 25 16 / 872 1056
Configuration B 25 / 16 872 1024
Configuration half A 50 16 / 1744 1056
Mixed configuration 50 16 16 1744 2080
Configuration half A 100× 100× 50 16 / 1744 1056
Sequential configuration / / / / /
Mixed configuration 100× 100× 50 16 16 1744 2080
Table 4
Description of the models used for the inverse approach. Indicated are: the length in periodicity directions, number of
resonant structure of each type and the amount and type of numerical elements.
Length (mm) Type A Type B Shell Solid
Original 25× 25 / / 144 /
Configuration A 25× 25 1 / 144 68
Configuration B 25× 25 / 1 144 68
Configuration half A 50× 50 2 / 576 136
Mixed configuration 50× 50 2 2 576 272
Fig. 6. Unit cell models of the inverse 2D approach for configuration A (a) and the
mixed configuration (b). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
it is cheaper to calculate, however, damping cannot be taken into
account.
Fig. 6 shows the corresponding unit cells for the inverse
approach. For configuration A and B it suffices to model a PVC
plate of 25 × 25 mm with a resonant structure. In order to keep
the comparison with the direct approach, for the mixed and half
A configurations a PVC plate of 50 × 50 mm is chosen with 4
receptively 2 resonant structures on top. This is not the minimal
unit cell; a unit cell of 25 × 50 would suffice. However, choosing
a larger unit cell guarantees that the same periodicity vector in
length direction is obtained and that the dispersion curves are
more straightforward to compare. Linear shell elements are used to
model the host structure and linear solid elements for the resonant
structures. As indicated, this model does not allow to include
damping.
The inverse approach allows investigation of wave propagation
in a two dimensional space, however, since the goal of the paper is
to compare the results from this approach with direct approach,
only propagation in the direction of the duct, the x-direction in
Figs. 5 and 6, will be investigated. Table 4 describes the models
used for each configuration in the inverse approach. Linear shell
elements are used to model the host structure and linear solid
elements for the resonant structures.
4. Numerically predicted stop band behavior
This section compares and interprets the dispersion curves for
the different unit cell models. For all cases only wave propagation
in positive x-direction according to Figs. 5 and 6 are investigated,
corresponding with wave propagating in the direction of the duct.
It is chosen to plot the imaginary part of the wavevector, the
propagating part, against the frequency. For the cases that include
damping, the real part of the wavevector, representing the amount
of attenuation will be indicated through a color scheme varying
from dark blue, free propagation, to light green, attenuated.
In the case of the direct approach propagation constants are
sought for each frequency, leading to many results of which some
are numerical side effects. To make the results more clear the
following strategy is used: (i) in the case without damping only
the undamped solutions are shown (ii) in the case of damping only
solutions with an attenuated wave propagation part smaller then
0.3 are shown unless specifically mentioned. The value of 0.3 is
chosen based on experience.
4.1. Bare duct
The dispersion curve of the bare duct is treated first as this is
the least complex case and will serve as a benchmark. To compute
these dispersion curves, the same size of unit cell is used as the unit
cell for configuration A, as shown in Figs. 5 and 6.
Fig. 7(a)–(c) show the dispersion diagrams for the bare duct
by using the direct 1D approach and the inverse 2D approach.
The difference in complexity between the 1D and 2D approach is
clear. Fig. 7(c) considers waves propagation in one direction for an
infinite flat plane such that only three wave types can propagate
freely at low frequencies: longitudinal (1), shear (2) and bending
waves (3). Fig. 7(a) and (b) take the complexity of the cross section
into account, leading to propagation modes that become cut-on
from certain frequencies as will be discussed below. Comparison
between Fig. 7(a) and (b), shows that the inclusion of damping in
the PVC does not highly influence the results in the case of a bare
duct.
Fig. 8 visualize the different wave types of the enumerated
branches of Fig. 7(b). The modes around 500 Hz are chosen for
visualization since this is the design frequency of the stop band.
Branch (1) and (2) are a longitudinal and torsional wave mode
respectively, branches (3) and (4) correspond to a bending modes
of the duct in which the entire section bends as a whole. Since the
duct is square, the bendingwave in z- and x-direction occurs at the
same frequencies so both branches fall together on the plot. This
bending is driven by the geometry of the duct and has therefore
a higher gradient then the bending mode for flat plate. Branch 5
is a type of breathing mode in which two opposite corners of the
duct move away from each other while the other two come closer.
Modes (6)–(9) aremodes related to bending in the sidewalls of the
duct. The duct geometry drives the cut-on frequency, but after cut-
on, the effect of the duct geometry becomes less important, the side
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Fig. 7. Dispersion curves for the bare duct: 1D damped ((a)), 1D undamped (b) and 2D undamped (c). The colorbar indicates the magnitude of the real, decaying part of the
propagation vector µx . The numbering of the curves in (b) refers to the propagating wave modes shown in Fig. 8, while the numbering in (c) represents (1) longitudinal,
(2) shear and (3) bending wave propagation respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
(a) Mode 1, µ = j0.053294. (b) Mode 2, µ = j0.11837. (c) Mode 3, µ = j0.17553.
(d) Mode 4, µ = j0.17553. (e) Mode 5, µ = j0.25344. (f) Mode 6, µ = j1.082.
(g) Mode 7, µ = j1.1908. (h) Mode 8, µ = j1.1908. (i) Mode 9, µ = j1.2565.
Fig. 8. Propagating wave modes at 500 Hz for the undamped PVC duct host structure, indicated in Fig. 7(b), calculated using the undamped 1D unit cell approach.
walls start behaving more as free flat plates and those wave types
will converge to the dispersion wave for a flat plate.
The resonant structures are designed to induce stop band
behavior for bending waves. It is expected that dispersion curve
(3) in Fig. 7(c) and dispersion curves (6)–(9) in Fig. 7(b) will be
highly influenced. Curve (3) and (4) in Fig. 7(b) also correspond
to bending, but in this case only half of the resonant structure
will work against a given bending mode, since for each wave type,
half of the resonant structures are faced perpendicular to the out-
of-plane direction of that mode, and thus will have less effect
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(a) Undamped 1D UC analysis. (b) Undamped 2D UC analysis.
Fig. 9. Undamped dispersion curves for the bare duct unit cells of length 50 mm, using the 1D (a) and 2D (b) unit cell analysis approaches.
Fig. 10. Dispersion curves for configuration A using the 1D (a, b) and 2D (c) unit cell analysis approaches. The colorbar indicates the magnitude of the real, decaying part of
the propagation vector µ. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
compared to modes (6)–(9) where all resonant structure will work
against the bending modes.
In view of the analysis for configuration half A and the mixed
configuration, as seen on Figs. 5 and 6, the unit cell analyses of
the bare duct also performed for a unit cell with the dimensions of
the unit cells for those configurations. Fig. 9 shows the dispersion
diagram of the bare duct for this larger unit cell; the results with
damping are omitted for the sake of brevity. At a frequency of
556 Hz the bending mode is seen to bend back. This is a result of
the periodicity of the solutions in the wave domain, which makes
the point π a symmetry point for the dispersion curves. Due to
the length of the unit cell the symmetry point corresponding to
a phase jumpµx = kx/Lx = π is now reached at a lower frequency
since the unit cell length Lx is doubled. The branch that folds backs
thus corresponds to the solution between π/2 and π in Fig. 7(c).
The dispersion curves, however, still have the same meaning and
interpretation.
4.2. Configuration A
Fig. 10 shows the dispersion diagrams for configuration A. For
comparison of the stop band widths the following definition is
used: (i) for the inverse 2D approach the stop band zone is the zone
for which no free bending wave propagation is found, (ii) for the
undamped direct 1D approach, the stop band is defined as the zone
forwhich no freewave bendingwaves are found in the sidewalls of
the duct, mode 6–9, (iii) in the damped case free wave propagation
is not possible and the stop band manifests itself as a zone with
pronounced attenuation; a clear definition of the beginning and the
end of the band is less useful here.
Comparison of Fig. 10(b)–(c) indicates that the predicted stop
bands by both methods are almost equal for the bending waves in
the side walls of the tube. The resonant structure with clamped
resonance frequency of 513 Hz, results in a stop band from
490–540 Hz according to the 1D approach and from 488–538 Hz
for the 2D approach. The bending curves for the duct as a whole,
see modes 3 and 4 in Fig. 8, however, are less influenced by the
resonant structures than the bending waves on the side walls and
the stop band manifests itself thus less for these wave types.
The effect of damping is seen in Fig. 10(a), showing the damped
dispersion curves: the zone of attenuation is extended to before
and after the predicted stop band of the undamped analyses,
discarding the possibility of high responses due to the ending and
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Fig. 11. Dispersion curves for configuration B using the 1D (a, b) and 2D (c) unit cell analysis approaches. The colorbar indicates the magnitude of the real, decaying part of
the propagation vector µ. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
(a) Damped 1D UC analysis
configuration A.
(b) Damped 1D UC analysis
configuration B.
Fig. 12. Damped dispersion curves for configurations A (a) and B (b), using the direct 1D unit cell analysis. The colorbar indicates the magnitude of the real, decaying part
of the propagation vector µ. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
beginning of a new dispersion curve before and after the stop band
respectively [6,23].
4.3. Configuration B
A similar analysis is done for configuration B. Since the resonant
structure is designed for a higher resonance frequency, 577 Hz, it
is expected that the stop band will be higher in frequency. The 1D
approach and 2D approach predict a stop band from 552–605 Hz
and from 549–603 Hz respectively. From previous studies it is
known that for a same relative mass addition, a wider stop band
can be achieved at higher frequencies and that a larger relative
mass addition leads to a larger stop band for the same design
frequency [6]. In this case the mass addition for configuration B
is 26% instead of 27.4% for configuration A, however, resonant
structure type B is designed for a higher frequency. The lowermass
addition is counteracted by a higher design frequency and thus the
stop band width is almost the same for configuration A and B.
It can be noted that the end of the stop band zone for
configuration A, 540 Hz comes close to the beginning of the stop
band zone for configuration B, 549 Hz, as was intended by the
design of both resonant structures. When looking to the damped
stop band predictions, Figs. 10(a) and 11(a), it is possible to
notice there is an overlap in the zones of pronounced attenuation
between configuration A and B.
To compare the attenuation inside the stop band for both
configuration A and B, the results of the damped direct 1D unit cell
analysis is repeated in Fig. 12, but this time solutions with a real
part of the attenuated wave up to a magnitude of 2.5 are given. It
can be seen that the real parts of the propagation vectors are very
similar in both cases. Therefore, the expected attenuation inside
the stop band frequency region for both designs is comparable.
4.4. Sequential configuration
A unit cell analysis for the sequential configuration is not
possible. It is assumed that, when the transmission path is fixed
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(a) Damped 1D UC analysis. (b) Undamped 1D UC analysis.
(c) Undamped 2D UC analysis.
Fig. 13. Dispersion curves for configuration half A using the 1D (a, b) and 2D (c) unit cell analysis approaches. The colorbar indicates the magnitude of the real, decaying
part of the propagation vector µ. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
(a) Damped 1D UC analysis
configuration A.
(b) Damped 1D UC analysis
configuration half A.
Fig. 14. Damped dispersion curves for configurations A (a) and half A (b), using the waveguide unit cell analysis. The colorbar indicates the magnitude of the real, decaying
part of the propagation vector µx . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
and the waves travel sequentially through the two metamaterials,
that both stop bands are kept at their full width, meaning that the
predictions of configuration A and B can be combined [24].
4.5. Configuration half A
For configuration half A, the unit cell size is doubled, which as
discussed in Section 4.2, will lead to a re-scaling of the wave vector
axis. Fig. 13 shows the dispersion curves. From Fig. 13(c) it can be
seen that below the stop band the dispersion curve of bending folds
back from π to 0, however, keeping the re-scaling in mind and the
fact that this is not a minimal unit cell, it is clear that these are the
solution which belong to the interval π to 2π which fold back due
to the symmetry point at π .
The 1D and 2D approach predict a stop band from 490–521 Hz
and from 495–520 Hz respectively. The stop band width is clearly
reduced due the removal of half of the resonant structures.
Using the damped unit cell analyses the attenuation of this con-
figuration can be compared to configuration A. Upon comparing
Figs. 13(a) and 14 it seems that the real part of the propagation vec-
tor is bigger for configuration Half A: a value of 2.152 is reached for
configuration half A while only 1.742 is reached for configuration
A. However, since the unit cell for configuration Half A is twice as
large as for configuration A, the propagation vector of A needs to
be doubled for an absolute comparison with configuration half A.
Consequently, for a same distance along the waveguide, configu-
ration Half A is predicted to lead to less spatial attenuation.
The main goal of this configuration is to see how the stop band
width is affected by removing half of the resonant structures and
serves as a reference case for the mixed configuration.
4.6. Mixed configuration
Fig. 15 shows the dispersion curve for the mixed configuration:
two stop bands can be noticed, albeit, both being smaller then in
the stop band in the pure A or pure B configuration. As well below
the first as below the second stop band, the dispersion curve of
bending folds back from π to 0 in the undamped UC analyses; the
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(c) Undamped 2D UC analysis.
(a) Damped 1D UC analysis. (b ) Undamped 1D UC analysis.
Fig. 15. Dispersion curves for the mixed configuration using the 1D (a, b) and 2D (c) unit cell analysis. The colorbar indicates the magnitude of the real, decaying part of the
propagation vector µx . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 16. Damped dispersion curves for the mixed configuration, using the 1D unit
cell analysis. The colorbar indicates the magnitude of the real, decaying part of the
propagation vector µx . (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
explanation of this is analogue as the explanation given in previous
discussion of configuration half A. The 1D approach predicts stop
bands from 489–513 Hz and from 549–591 Hz, the 2D approach
indicates 494–513 and 558–588 Hz.
The comparison between the stop band for the half A config-
uration and the mixed configuration shows that the width of the
stop band induced by the type A resonant structures in the lat-
ter is narrower than for the former. This can be explained by the
fact that in the half A configuration, the resonant structures of
type A only work against the mass of the host structure, while
in the mixed configuration, the resonant structures of type A also
work against the resonant structures of type B. In the mixed con-
figuration, the relative mass addition of resonant structure type
A is therefore smaller as in the half A configuration, leading to a
smaller stop band prediction. A similar effect was already noticed
in [10].
When inspecting the damped 1D dispersion curves as in
Fig. 15(a) one wide zone of attenuation is seen which is formed
by the combination of the two zones of attenuation of type A and
B resonant structures. When plotting all results up to a real propa-
gation vector part of 2.5, as shown in Fig. 16, it can be seen that the
Table 5
Overview of the predicted stop band frequencies by using undamped unit cell
analysis.
Direct 1D (Hz) Inverse 2D (Hz)
Configuration A 490–540 488–538
Configuration B 552–605 549–603
Sequential configuration 490–540 & 552–605 488–538 & 549–603
Configuration half A 490–521 495–520
Mixed configuration 489–513 & 549–591 494–513 & 558–588
wide zone of attenuation consists of two strong zones of attenua-
tion and a zone of less strong attenuation in between, as onewould
expect based on the undamped simulations. Consequently, for the
mixed configuration compared to the sequential configuration two
relative outspoken stop band zones are expected, separated by a
zone of comparatively lower attenuation, whereas in the sequen-
tial configuration one large stop band is expected. This since for the
sequential configuration it is expected that the stop band of con-
figuration A and configuration B are combined without becoming
smaller in width due to the mechanism explained above.
4.7. Summary of the stop band predictions
Table 5 summarizes the predicted stop bands for the different
cases and for both methods. The 1D and 2D approach give small
differences,which can be related to the difference in stiffness of the
host structure in the 1D approach as compared to the 2D approach.
However, it is important to note that similar results are obtained
with a simple model and a cheaper calculation method. As the
models from the 1D approach are closer to reality than the ones
from the 2D approach, the results from the 1D approach are used
as comparison for the experimental results.
5. Experimental set-ups
This section describes the measurements procedures for the
experimental stop band characterization and themodal analyses in
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Fig. 17. Free–free suspension of the bare host structure (right) and a metamaterial
(left) duct.
view of material characterization. Furthermore the experimental
procedure for the validation of the resonant structure resonance
frequency is described.
5.1. Test set-up
The ducts are freely hinged with thin wires at two opposing
corners, as shown in Fig. 17. To measure the wave propagation
along the structure of the duct, every two unit cell along the length
direction of the duct measurements are done around the cross
section.
5.1.1. Force input
Impact testing is chosen as excitation method to input
structural energy into the duct. Due to the light weight of the
duct this is more suitable then shaker excitation: if a shaker is
attached to the structure it could influence the dynamic properties
of the structure. As excitation device a hammer with impedance
head type PCB 086C03 is used. The hammer excitation was always
chosen perpendicular to the face of an input point.
5.1.2. Response measurements
To measure the wave propagation through the structure 1D
lightweight accelerometers (type PCB 35A24 which weights 0.8 g
a piece) are used. These accelerometers are light enough with
respect to the structure to neglect the induced mass loading
induced. Accelerometers have the advantage over laser vibrometer
measurements that they can be attached to a fixed position,
whereas the use of a freely suspended structure and impact testing
would lead to alignment issues when using a laser vibrometer.
5.1.3. Measurement procedure
In order to limit mass loading to a minimum, roving hammer
excitation is used. With this method the response measurement
points are kept fixed and the input location of the force is roved
over the structure. Due to the reciprocity principle, assuming a
linear system, the response and input points can be interchanged.
Four reference accelerometers are used during the measurements.
Each section is analyzed by exciting three equidistant points
on each face of a section, resulting in 12 measurements for each
section. The sections under consideration are shown in Fig. 18,
where the left side of the figure corresponds to the top of the duct
in Fig. 17.
The excitation of all these point and using the reciprocity
principle, allows retrieving the modeshapes for modal updating
and inverse material characterization.
Fig. 18. Schematic representation of the structural duct measurements. The +-
signs indicate resonator locations, the vertical black lines indicate the measured
sections. The colored lines represent the sections forwhich the resultswill be shown
in following section. The numbers shown, indicate the amount of unit cells along
the duct between that section and the reference section 0, which is closest to the
free–free boundary condition suspension. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
Fig. 19. Picture of the test set-up to retrieve the resonance frequency of the
resonant structures.
To investigate wave propagation, a reference accelerometer is
chosen in themiddle of one of the faces of section 0; the response in
all other sections with respect to excitation in this reference point
is then calculated through the reciprocity principle. For each cross
section, the 12 response points are used to calculate the RMS out-
of-plane acceleration response of the cross section to a unit force
input according to following formula
|H|X¨n/Fe,rms =
 1
12
12
k=1
|H|2
X¨n,k/Fe
, (4)
where |H|X¨n,k/Fe indicates the amplitude of the acceleration
frequency response in point k on section n for an excitation in point
e.
It should be noted that the tested duct represents a finite
waveguide. Therefore, reflections at the ends of the ducts will
occur, this in contrast to the infinite structure analyses done in the
numerical models. Both during measurements as well as in post-
processing, no precautions have been taken to reduce the effect of
reflections.
5.2. Validation of resonator design
To validate the resonant structure resonance frequency and the
effect of the glue connections, the two type of resonant structures
are tested when glued to a metal block, rigidly connected to the
stinger of a shaker, as shown in Fig. 19. The velocity at the end point
of the resonant structure, on top of the mass, is measured using a
PolyTec laser vibrometer.
For both types of resonant structures, 5 sample resonant
structure are tested. Table 6 compares the numerically predicted
resonance frequency and the measured resonance frequency,
together with the standard deviation on the measurement. The
standard deviation is calculated as
σ =

n
i=1
(fi − f¯ )2
n

1
2
(5)
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Table 6
Comparison of the simulated and measured first resonance frequencies for the two
resonant structure designs.
Numerical (Hz) Experimental (Hz)
Type A 512.58 522.7± 9.28
Type B 577.41 580.38± 3.64
Fig. 20. RMS acceleration FRF for five sections of the bare duct host structure.
with n the number of samples, and f¯ the average resonance
frequency and fi the resonance frequency of each sample.
Fromprevious research is known that a spread on the resonance
frequency of the resonant structure can lead to a wider stop band
with less attenuation in comparison to the casewhen all resonance
frequencies are exactly the same [25].
6. Measurement results and comparison
The different manufactured metamaterial configurations are
measured experimentally to verify their stop band behavior and
to compare the different strategies of creating broadband atten-
uation. In this section, first the obtained experimental results are
presented for each of the different configurations and compared to
the numerical results of the unit cellmodeling procedure. Next, the
different measurement results are compared and the efficiency of
the different approaches is discussed.
6.1. Bare host structure
The original bare host structure configuration serves as the
benchmark case to which the metamaterial configurations can be
compared. For this configuration, the unit cell modeling procedure
does not predict stop band behavior in the frequency range of
interest. In Fig. 20, the measured RMS acceleration is shown for
various sections of the bare duct, each one further away from
the excited section. As expected by the results of the unit cell
analysis, no stop band behavior is observed. Besides, the presence
of damping in the host structure is also evident, indicating that the
impact of damping in the stop band frequency zone is expected to
be present.
6.2. Configuration A
For configuration A, the unit cell analysis predicts a stop band
between 490 and 540 Hz. Comparing the measurement results,
shown in Fig. 21, to the response of the bare host structure from
Fig. 20, a clear zone of attenuation is observed around the pre-
dicted stop band frequency zone. This spatial decay in response
in the targeted frequency zone corresponds to the prohibited free
wave propagation inside the stop band. A very good agreement is
obtained with the results from the unit cell analysis. The out-of-
plane vibrations are successfully attenuated in the designed stop
band zone.
The predicted stop bandby the undamped1Danalysis is smaller
then the measured zone of attenuation. This can be explained
Fig. 21. RMS acceleration FRF for six sections of configuration A, the black vertical
lines represent the predicted stop band.
Fig. 22. RMS acceleration FRF for five sections of configuration B, the black vertical
lines represent the predicted stop band.
by the following two reasons: (i) As has been observed in the
unit cell analysis for the waveguide, damping widens the zone
of attenuation, which is clearly observed as the measured zone
of attenuation exceeds the numerically predicted stop band zone
without damping. (ii) Apart from this damping effect, also the
variation on the resonance frequencies of the produced resonators
has an influence. As discussed in Section 5, the measurements
of the resonators of type A show a standard deviation of around
9 Hz. Such a scatter on the resonance frequencies leads to a less
pronounced attenuation in the stop band, but a broader attenuated
frequency range [25].
From Fig. 21, it can be seen that the attenuation in the stop band
frequency zone is more pronounced when passing more resonant
cells. After 6 sections, however, the stop band is clearly noticeable
and the added attenuation and increase of stop band width per
additional section is noticeably less: this can be seen by comparing
section 6 and section 8. Therefore, in order not to overload the
figures, in the next figures only the results until section 6 will be
shown together with the last section, section 32.
6.3. Configuration B
The unit cell analysis for configuration B predicts a stop band
between 552 and 605 Hz. In the measurement results, shown
in Fig. 22, the stop band can clearly be noticed in the expected
frequency range, as was the case for configuration A. Again,
excellent agreement with the unit cell analysis is found.
Also for this configuration B, the influence of damping can
be noticed, as the actual zone of attenuation is broader than the
predicted stop band zone without damping. The peak attenuation
ofmetamaterial configurations A and B are comparable, aswas also
evident from the unit cell analysis, indicating similar magnitudes
of the decaying part of the propagation constant inside the stop
band zone.
6.4. Sequential configuration
For the sequential configuration, the first half of the tube
corresponds to configuration A, while the second half corresponds
to configuration B. As explained in Section 4, no explicit unit cell
C. Claeys et al. / Extreme Mechanics Letters ( ) – 13
Fig. 23. RMS acceleration FRF of section 16 to excitation in section 0 or section 32,
the black vertical lines represent the predicted stop bands.
Fig. 24. RMS acceleration FRF of section 6 to excitation in section 0, the black
vertical lines represent the predicted stop band.
Fig. 25. RMS acceleration FRF of section 16 to excitation in section 0, the black
vertical lines represent the predicted stop band.
model can be for this configuration, as this combination does not
fit the infinite periodicity assumption. Consequently, the unit cell
results of configurations A and B are used to predict the stop
band zones, which are concatenated in this configuration. When
comparing the response in section 16 to excitation in section 0 and
section 32, as shown in Fig. 23, then it is clear that on each side of
the duct a different stop band is present.
Fig. 24 compares the response in section 6 to excitation in
section 0 for both the sequential configuration as for configuration
A: the results are very similar since both configuration are the same
until section 16.
Fig. 25 compares the response of the same configurations
in section 16. The responses look quite similar, however the
attenuation is a little bit more pronounced in the case of
configuration A. A reason for this can be the change in impedance
at section 16, the transition to another metamaterial for the
sequential configuration can lead to local reflections of the energy
that is still present in the stop band of type A, and thus an increase
in response may result.
The same comparison is made for the Type B resonant struc-
tures in Fig. 26: the response in section 16 to excitation in section
32 is shown for the sequential configuration and for configuration
B. Themeasured attenuation is overall rather similar between both
configuration and the same reasoning holds as before to explain
the difference in peak attenuation between both.
Fig. 26. RMS acceleration FRF of section 16 to excitation in section 32, the black
vertical lines represent the predicted stop band.
Fig. 27. RMS acceleration FRF for three sections of the sequential configuration to
excitation in section 0, the black vertical lines represent the predicted stop bands.
Fig. 28. RMS acceleration FRF for three sections of the sequential configuration to
excitation in section 32, the black vertical lines represent the predicted stop bands.
The RMS response in section 0, 16 and 32 to excitation in section
0 is given in Fig. 27, while Fig. 28 gives the RMS response in the
same sections to excitation in section 32. In both cases it can be
clearly seen that the zone of attenuation broadens when passing
the second zone of metamaterial, thus going from section 16 to
section 32 and from section 16 to section 0 for excitation in section
0 respectively section 32. The sequence of the metamaterials
with adjacent stop bands, combined with the broadening effect of
damping, clearly shows potential in creating broad band vibration
mitigation along the waveguide.
6.5. Configuration half A
The experimental results for configuration half A are shown
in Fig. 29. From the unit cell analysis, a stop band is predicted
between 490 and 521 Hz. Since the added mass is only half of
configuration A, a reduction of the stop band width is expected
and numerically predicted as compared to configuration A. This
is indeed observed in the obtained measurement results, showing
a clear zone of attenuation in the predicted stop band frequency
zone.
Compared to configuration A, the peak attenuation inside the
stop band is lower. This was as well predicted in the unit cell
analysis with damping, as discussed in Section 4.5, and can be
explained by the fact that this configuration only adds half the
amount of resonant mass as compared to configuration A [6].
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Fig. 29. RMS acceleration FRF for five sections of configuration half A, the black
vertical lines represent the predicted stop band.
Fig. 30. RMS acceleration FRF for five sections of themixed configuration, the black
vertical lines represent the predicted stop bands.
6.6. Mixed configuration
Contrary to the sequential metamaterial configuration, for the
mixed configuration, both types of resonators are present through-
out the entirewaveguide. As predicted by the unit cell analysis, two
stop band zones 489–513 and 549–591 Hz are expected to man-
ifest along the tube. Inspecting the measurement results for this
configuration, shown in Fig. 30, indeed two zones of attenuation
are identified corresponding to these predicted stop band regions.
Also here, the presence of damping causes both stop bands to
form broader frequency zones of attenuation, overlapping into one
broader frequency range. This is also observed in the measured re-
sponses, as the frequency region in between the predicted stop
bands also attenuates the response, albeit less than in the pre-
dicted stop band zones. This can be explained as follows. For the
undamped analysis, in between these stop band zones, a pass band
is present. The addition of damping causes the adjacent regions of
attenuation to merge, however, the decaying part of the propaga-
tion constant is smaller in between the original stop band zones.
However, since still considerable attenuation is obtained, also the
mixed configuration lends itself to broad band vibration attenua-
tion.
6.7. Comparison
In Fig. 31, metamaterial configurations A and B are compared to
the sequential configuration by showing the attenuation between
section 0 and section 32 for each case. The sequential configura-
tion is clearly the combination of the configurations A and B, with
an overall width and attenuation slightly narrower and smaller re-
spectively. This can be attributed to the smaller amount of resonant
structures for each type in the sequential configuration. The fact
that stop band in configuration B ismost pronounced, might be ex-
plained to the smaller spread on the resonant structures of type B.
A similar comparison is made for the mixed configuration,
which is shown in Fig. 32. Also here, narrower stop band zones
and lower spatial attenuation is found for the mixed case, as
compared to configurations A and B separately. Again, this is
caused by the lower amount of resonators of each kind. Different
from the sequential case, for the mixed case the density of the
Fig. 31. RMS acceleration FRF for the A, B and sequential configuration excited at
section 32.
Fig. 32. RMS acceleration FRF for the A, B, half A and mixed configuration excited
at section 32.
Fig. 33. RMS acceleration FRF for the sequential and mixed configuration excited
at section 32.
resonators of type A and B per unit cell is lower. From the unit
cell analysis, this results in two, narrower stop band frequency
zones, separated by a pass band zone. These predictions are in
line with the observations in Fig. 32, where lower attenuation is
found in the zone corresponding to the crossing of both stop band
frequency zones for configurations A and B. The response for the
configuration half A corresponds well to the contribution of the
resonators of type A to the response of the mixed configuration,
as predicted from the unit cell analysis. This further points at
the nature of the considered mixed configuration, in which the
adjacent narrower stop band zones, despite overlapping due to the
presence of damping, appear more separated.
The latter observation is further discussed, comparing the
sequential to the mixed configuration in Fig. 33. The responses
for both designs indicate that a broader frequency range of
attenuation can be obtained by either including resonant cells in
a mixed pattern or cascading different metamaterials along the
transmission path. As has become clear from the above discussion,
the mixed configuration is characterized by narrower stop band
zones separated by a pass-band phenomenon, although attenuated
due to the broadening effect of damping. For the sequential
configuration, two wider adjacent stop bands are cascaded and
overlap because of damping. No inherent pass-band phenomenon
is induced for this configuration.
For both the mixed and sequential configurations, very good
agreement is found with the predictions using the unit cell
modeling procedures. The inclusion of damping adds valuable
insight into the broadening of the frequency regions of attenuation.
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In order to obtaining broadband vibration attenuation, the mixed
metamaterial configuration offers the advantage of creating a
combined zone of attenuation along the entire transmission path.
However, as more stop bands are to be combined in adjacent
unit cells, this will result in ever narrower stop bands, separated
by pass bands. The sequential metamaterial configuration, is not
hindered by these pass bands and allows creating wider stop
bands per targeted frequency zone. Nonetheless, the combined
frequency zone of attenuation is not the same along the entire
wave guide, as a result of which vibrations entering at various
locations along the waveguide will not be attenuated over the
same stop band zones. Consequently, if excitation and receiver
are not at both ends of the duct, only part of the attenuation
range will be effective. By extension, going towards broadband
vibration suppression, shortcomings of both configurations could
be alleviated by considering a sequential configuration of mixed
resonator types along a transmission path.
7. Conclusion
This paper presents the application of locally resonantmetama-
terials to attenuate structural vibrations along known transmission
paths, by creating stop bands in certain targeted frequency ranges.
A duct with a square section is studies and metamaterial config-
urations are designed to obtain attenuation over broad frequency
zones by combining adjacent stop bands using different strategies.
To this end, two types of resonant structures (A and B) are con-
sidered and attached to the duct structure in a mixed, checkered
pattern as well as in a sequential pattern, to suppress out-of-plane
vibrations, both amounting to the same mass addition. The stop
band behavior of the various configurations is predicted using a
finite element unit cell modeling procedure for elastic wave prop-
agation, both modeling the duct as a one-dimensional waveguide
as well as a two-dimensional flat plate. A good correspondence of
the predicted stop band frequency zones between both approaches
is found, indicating that the less expensive two-dimensional ap-
proach can, despite discarding part of the waveguide dynamics,
serve as a fast and accurate design tool for metamaterials for the
considered application.
For the metamaterial ducts only containing resonators of type
A or resonators of type B, stop band behavior is realized and
excellent agreement is obtained with the results of the unit cell
analysis. As both the host structure and the resonant structure
are rather highly damped, this damping has been characterized
and included in the one-dimensional waveguide unit cell analysis.
As observed in earlier work, damping leads to a broadening
of the frequency zone of attenuation. This is also observed in
the measurements, as the obtained attenuation zones exceed
the undamped stop band predictions. Going towards the mixed
metamaterial design, in an intermediate step, the checkered
pattern is applied, only adding resonators of type A to the host
structure. From the unit cell predictions as well as measurements,
the effect of the reduced resonant mass manifests as a narrower
and less attenuating stop band. Consequently, the eventual mixed
approach leads to narrower stop bands caused by resonators A
and B, as compared to only applying either resonators A or B.
For the mixed metamaterial configuration, the unit cell analysis
indicates that the design should lead to vibration attenuation over
a broader frequency zone. This broadening and merging of the
neighboring stop band zones is obtained due to the presence of
damping. For the sequential configuration a unit cell analysis is not
possible but based on the analyses of configurations A and B it is
assumed that a wide stop band is obtained covering the adjacent
stop band zones of configuration A and B. The measurements
show excellent agreement with the stop band predictions of
the unit cell analysis. It has been demonstrated that different
stop bands can be combined, either using a mixed, checkered
pattern, or a sequential, cascaded pattern. The mixed approach
merges narrower stopbands along the entirewaveguide, separated
by zones of lower attenuation due to a pass-band nature. The
sequential approach merges broader stop band zones, without a
separating pass band behavior, yet each of these stop bands zones
separately is not involved along the entire waveguide. Depending
on the transmission path and the targeted frequency zone, either
approach or a combination of both can be used.
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